Abstract. Let G be a graph with edge ideal I(G). We recall the notions of min-match {K2,C5} (G) and ind-match {K2,C5} (G) from [21] . We prove a conjecture proposed in [4] by showing that for any integer s ≥ 1, we have reg(I(G)
Introduction
Let K be a field and S = K[x 1 , . . . , x n ] be the polynomial ring in n variables over K. Suppose that M is a graded S-module with minimal free resolution
The Castelnuovo-Mumford regularity (or simply, regularity) of M , denote by reg(M ), is defined as follows:
reg(M ) = max{j − i| β i,j (M ) = 0}.
The regularity of M is an important invariant in commutative algebra and algebraic geometry. Cutkosky, Herzog, Trung, [8] , and independently Kodiyalam [18] , proved that for a homogenous ideal I in a polynomial ring, reg(I s ) is a linear function for s 0, i.e., there exist integers a, b, and s 0 such that reg(I s ) = as + b for all s ≥ s 0 .
It is known that a is bounded above by the maximum degree of elements in a minimal generating set of I. But a general bound for b as well as s 0 is unknown. There is a natural correspondence between quadratic squarefree monomial ideals of S and finite simple graphs with n vertices. To every simple graph G with vertex set V (G) = {v 1 , . . . , v n } and edge set E(G), we associate its edge ideal I = I(G) defined by I(G) = x i x j : v i v j ∈ E(G) ⊆ S.
Computing and finding bounds for the regularity of edge ideals and their powers have been studied by a number of researchers (see for example [1] , [2] , [3] , [4] , [5] , [6] , [9] , [10] , [14] , [15] , [16] , [17] , [19] and [23] ). Katzman [16] , proved that for any graph G, This conjecture is known to be true for bipartite graphs, [14, Theorem 3.6] . As the first main result of this paper, Theorem 3.2, we prove [4, Conjecture 7.11] for any arbitrary graph. Our proof is based on a technique invented by Banerjee, Beyarslan, and Hà [5, Theorem 3.3] . Their result asserts that Lemma 1.1. ( [5, Theorem 3.3] ) Let F be a family of simple graphs. Assume that f : F → N is a function which satisfies the following properties.
(1) For every graph G ∈ F, we have regI(G) ≤ f (G).
(2) For every graph G ∈ F with at least one edge, there exists a vertex
Then for every graph G ∈ F and for every integer s ≥ 1, we have
By [23] , we know that for every graph G,
This inequality was strengthened by the authors in [21] . In fact, in [21] , the authors introduced the notion of min-match {K 2 ,C 5 } (G), which is a lower bound for min-match(G) (see Definition 2.1). It is shown in [21, Theorem 3.8] that
The above inequality, suggests the following inequality, which is the second main result of this paper, Theorem 3.7.
We mention that the proof of Theorem 3.7 is also based on Lemma 1.1. In Section 4, we determine a lower bound for the regularity of powers edge ideals. As mentioned above, Beyarslan, Hà and Trung proved that for every graph G and every integer s ≥ 1, we have
In [21] , the authors introduced the notion of ind-match {K 2 ,C 5 } (G) which is an upper bound for ind-match(G) (see Definition 2.1). As an strengthen of inequality †, it was shown in [21, Theorem 3.6] that for every graph G, we have
This inequality suggests that
But the above inequality is not in general true, as the 5-cycle graph C 5 shows. However, we prove in Theorem 4.1 that for every graph G and every integer s ≥ 1, we have 2s
and if ind-match {K 2 ,C 5 } (G) is an odd integer, then
As a consequence, we conclude in Corollary 4.3 that if G is a Cohen-Macaulay graph with girth at least 5, then for any s ≥ 1,
and if moreover ind-match {K 2 ,C 5 } (G) is an odd integer, then
In Section 5, we investigate a question raised by Jayanthan, Narayanan and Selvaraja [14, Question 5.8] . In fact, they asked wether there exists a graph G with
Recently, Jayanthan and Selvaraja [15] constructed a family of disconnected graphs which satisfy these inequalities for any s ≥ 1. In Section 5, we present infinitely many connected graphs for which the above strict inequalities hold true for every s ≥ 1.
Preliminaries
In this section, we provide the definitions and basic facts which will be used in the next sections.
Let G be a simple graph with vertex set V (G) = v 1 , . . . , v n and edge set E(G). If E(G) = ∅, we say G is an empty graph. For a vertex v i , the neighbor set
A subgraph H of G is called induced provided that two vertices of H are adjacent if and only if they are adjacent in G. The induced subgraph of G on the vertex set U ⊆ V (G) will be denoted by G U . We recall that for a graph G, its complementary graph G is the graph with V (G) = V (G) and E(G) consists of those 2-element subsets
The complete graph with n vertices will be denoted by K n . A cycle graph with n vertices is called an n-cycle graph an is denoted by C n . A graph G is called chordal if it has no induced cycle of length at least four. G is said to be co-chordal if its complementary graph G is chordal. The minimum number of co-chordal subgraphs of G which are need to cover all edges of G is called the co-chordal cover number of G and is denoted
It is well-known that every chordal graph has a simplicial vertex. The girth of G, denoted by girth(G) is the length of the shortest cycle in G. A subset A of V (G) is called an independent subset of G if there are no edges among the vertices of A. The cardinality of the largest independent subset of vertices of G is called the independence number of G. Adding a whisker to G at a vertex v i means adding a new vertex u and the edge uv i to G. The graph which is obtained from G by adding a whisker to all of its vertices is denoted by W (G).
Let G be a graph. A subset M ⊆ E(G) is a matching if e ∩ e = ∅, for every pair of edges e, e ∈ M . The cardinality of the largest matching of G is called the matching number of G and is denoted by match(G). The minimum cardinality of the maximal matchings of G is the minimum matching number of G and is denoted by min-match(G). A matching M of G is an induced matching of G if for every pair of edges e, e ∈ M , there is no edge f ∈ E(G) \ M with f ⊂ e ∪ e . An induced matching of size two is called a gap. It is clear that if G has a gap, then its complementary graph G contains a 4-cycle graph C 4 and hence, G is not a co-chordal graph. The cardinality of the largest induced matching of G is called the induced matching number of G and is denoted by ind-match(G).
We next recall the notions of ind-match H (G) and ind-match H (G) from [21] .
Definition 2.1. Let G be a graph with at least one edge and let H be a collection of connected graphs with K 2 ∈ H. We say that a subgraph H of G, is an H-subgraph if every connected component of H belongs to H. If moreover H is an induced subgraph of G, then we say that it is an induced H-subgraph of G. Since K 2 ∈ H, every graph with at least one edge has an induced H-subgraph.
and min-match H (G) := min match(H) | H is a maximal H-subgraph of G , and call them the induced H-matching number and the minimum H-matching number of G, respectively. We set ind-match H (G) = min-match H (G) = 0, when G has no edge.
Of particular interest is the case H = {K 2 , C 5 }. Indeed, we know from [21, Corollary 3.9] that for every graph G with edge ideal I(G), we have
Note that for every graoh G, the quantity ind-match {K 2 ,C 5 } (G) is an upper bound for ind-match(G) and min-match {K 2 ,C 5 } (G) is a lower bound for min-match(G) Also, it was shown in [21, Theorem 4.3] that if G is a Cohen-Macaulay graph (i.e, S/I(G) is a Cohen-Macaulay ring) with girth at least 5, then the regularity of
Let G be a graph. A 5-cycle of G is said to be basic if it does not contain two adjacent vertices of degree three or more in G. An edge of G which is incident to a vertex of degree 1 is called a pendant edge. Let C(G) denote the set of all vertices which belong to basic 5-cycles and let P (G) denote the set of vertices which are incident to pendant edges of G.
Definition 2.2. A graph G is said to belong to the class
, and (2) the pendant edges form a perfect matching for the induced subgraph of G on P (G), and (3) the vertices of basic 5-cycles form a partition of C(G).
We next recall the concept of vertex decomposable graphs. (ii) Every maximal independent subset of G − v is a maximal independent set of G.
We know from [13, Theorem 2.4 ] that a connected graph with girth at least five is Cohen-Macaulay if and only if it is vertex decomposable and this is equivalent to say that either G is a vertex or it belongs to the class PC.
Recently, Banerjee, Beyarslan, Hà [5] and Jayanthan, Selvaraja [15] proved that for every vertex decomposable graph G and for every integer s ≥ 1, we have,
Upper Bounds
In this section, we determine two upper bounds for the regularity of powers of edge ideals. The first bound is related to co-chordal cover number of graphs. Indeed, Woodroofe [23, Theorem 1] , proved that for every graph G, we have reg(I(G)) ≤ cochord(G) + 1. In order to generalize this inequality, Alilooee, Banerjee, Beyarslan and Hà, [4, Conjecture 7.11], conjectured that for every graph G and every integer
This conjecture is known to be true for bipartite graphs, [14, Theorem 3.6] . In Theorem 3.2 we show that the above inequality is true for every graph G and every integer s ≥ 1.
We first need the following lemma.
Lemma 3.1. Let G be a graph with at least one edge. Then there is a vertex w ∈ V (G) such that
Proof. Assume that cochord(G) = t and let G 1 , . . . , G t be the co-chordal subgraphs of G with
As G has at least one edge, we conclude that t ≥ 1. Suppose that w is simplicial vertex of G 1 . Assume that N G 1 (w) = {w 1 , . . . , w s }. Since w 1 , . . . , w s form a clique in G 1 , it follows that they are independent vertices of G 1 .
, we conclude that G 1 − W 1 has no edge. Thus,
Note that for every integer i with 2 ≤ i ≤ t, the graph
We are now ready to prove the first main result of this paper. 
Proof. Let F be the set of all simple graphs and set f (G) = cochord(G) + 1, for all G ∈ F. We know from [23, Theorem 1] that regI(G) ≤ f (G). On the other hand, it follows from Lemma 3.1 that for every graph G, there exists a vertex w ∈ V (G) with
Let I be a homogeneous ideal which is generated in the single degree d. The ideal I is said to have linear resolution if reg(I) = d. As a consequence of Theorem 3.2, we reprove the following result due to Herzog, Hibi and Zheng, [11 
Proof. The assertion follows from Theorem 3.2, by noting that cochord(G) = 1.
We know from [23] that for every graph G,
This inequality was strengthened in [21, Theorem 3.8] , by showing that
It is natural to ask whether it is true that for every graph G and every integer s ≥ 1,
The answer is positive and its proof is the second goal of this section. We need the following three lemmata. 
Proof. Suppose that min-match(G) = t and consider a maximal matching {e 1 , . . . , e t } of G. Let w be a vertex of e t . Without loss of generality, we assume there exist nonnegative integers p and q such that (i) for every integer i with 1 ≤ i ≤ p, the edge e i is not incident to any vertex in N G [w]; (ii) for every integer i with p + 1 ≤ i ≤ p + q, the edge e i is incident to exactly one vertex in N G [w]; (iii) for every integer i with p + q + 1 ≤ i ≤ t, the both vertices of e i belong to
. As the vertices of e t belong to N G [w], we conclude that p + q < t.
For every integer i with p + 1 ≤ i ≤ p + q, let v i be the vertex of e i which does not belong to N G [w] . Assume that U = {u 1 , . . . , u m } is the set of vertices of G which are not incident to e 1 , . . . , e t and set
As {e 1 , . . . , e t } is a maximal matching of G, we conclude that U is an independent subset of vertices of G. Thus, every edge of the induced subgraph (G − N G [w]) U is adjacent to at least one of the vertices v p+1 , . . . , v p+q . This means that
Let e 1 , . . . , e r be a maximal matching of (G − N G [w]) U ). In particular, r ≤ q. Note that {e 1 , . . . , e p , e 1 , . . . , e r } is a maximal matching of
as required.
Lemma 3.5. Let G be a graph with at least one edge. Then there is a vertex w ∈ V (G) such that
Proof. Assume that min-match {K 2 ,C 5 } (G) = t and let H be a maximal {K 2 , C 5 }-subgraph of G with match(H) = t. 
and it follows from Lemma 3.4 that there exists a vertex w ∈ V (G) with
Thus, assume that s ≥ 1. Let w be a vertex of G s . Without loss of generality, we suppose there exist nonnegative integers p 1 , q 1 , q 2 such that (i) for every integer i with 1 ≤ i ≤ p 1 , the cycle G i has no vertex in N G [w]; (ii) for every integer i with p 1 + 1 ≤ i ≤ s, the cycle G i has at least one vertex in N G [w]; (iii) for every integer i with 1 ≤ i ≤ q 1 , the edge e i is not incident to any vertex in N G [w]; (iv) for every integer i with q 1 + 1 ≤ i ≤ q 1 + q 2 , the edge e i is incident to exactly one vertex in N G [w]; (v) for every integer i with q 1 + q 2 + 1 ≤ i ≤ m, the both vertices of e i belong to N G [w]. As w is a vertex of G s , we conclude that p 1 < s.
For every integer i with
Let M i be a matching of H i of size match(H i ) and let L i be the set of vertices of H i which are not covered by any edge of M i . Notice that H i has at most four vertices and it is easy to check that for every integer i with p 1 + 1 ≤ i ≤ s − 1, we have |M i | + |L i | ≤ 2. On the other hand, recall that w is a vertex of G s and hence, |M s | + |L s | ≤ 1.
For every integer i with q 1 + 1 ≤ i ≤ q 1 + q 2 , let v i be the vertex of e i which does not belong to N G [w] . Suppose that U = {u 1 , . . . , u } is the set of vertices of G which do not belong to V (H) and set
As H is a maximal {K 2 , C 5 }-subgraph of G, we conclude that U is an independent subset of vertices of G. Thus, every edge of the induced subgraph (G − N G [w]) U is adjacent to at at least one vertex in the set
This means that
Let e 1 , . . . , e r be a maximal matching of (G − N G [w]) U ). In particular,
Note that the edges of the set {e 1 , . . . , e q 1 , e 1 , . . . , e r } ∪
together with the 5-cycles
Lemma 3.6. For every graph G and any vertex w ∈ V (G), we have
Proof. Assume that min-match {K 2 ,C 5 } (G) = t and let H be a maximal {K 2 , C 5 }-subgraph of G with match(H) = t. Suppose that {e 1 , . . . , e m , G 1 , . . . , G s } is the set of connected components of H, where e 1 , . . . , e m are isomorphic to K 2 and G 1 , . . . , G s are 5-cycles. In particular, m + 2s = t. We consider the following cases.
Case 2. Suppose that w is a vertex of G i , for some integer i with 1 ≤ i ≤ s. Without loss of generality, we may assume that i = 1. Then G 1 − w has a matching e 1 , e 2 of size 2. Then the edges e 1 , . . . , e m , e 1 , e 2 together with the cycles G 2 , . . . , G s form a maximal {K 2 , C 5 }-subgraph of G − w, with matching number m + 2 + 2(s − 1) = t.
Case 3. Suppose that w is a vertex of e i , for some integer i with 1 ≤ i ≤ m. Without loss of generality, we may assume that i = 1. Let v be the other vertex of e 1 . Set U = V (G) \ V (H) and U = U ∪ {v}. As H is a maximal {K 2 , C 5 }-subgraph of G, we conclude that U is an independent subset of vertices of G. In particular, every edge of G U is adjacent to v. Hence, match(G U ) ≤ 1. Suppose that M is a maximal matching of G U . In particular, |M | ≤ 1. Note that the edges of the set {e 2 , . . . , e m } ∪ M together with the cycles G 1 , . . . , G s form a maximal {K 2 , C 5 }-subgraph of G − w, with matching number ≤ m + 2s = t. Thus, min-match
Theorem 3.7. For every graph G and for every integer s ≥ 1, we have
Proof. Let F be the set of all simple graphs and set f (G) = min-match {K 2 ,C 5 } (G) + 1, for all G ∈ F. We know from [21, Theorem 3.8] that regI(G) ≤ f (G). On the other hand, it follows from Lemmata 3.5 and 3.6 that for every non-empty graph G, there exists a vertex w ∈ V (G) with
Hence, Lemma 1.1 implies that
Banerjee, Beyarslan and Hà, [5, Theorem 3.4], proved that for every graph G and every integer s ≥ 1,
The following corollary is an immediate consequence of Theorem 3.7 and improve [5, Theorem 3.4] .
Corollary 3.8. For every graph G and for every integer s ≥ 1, we have
Proof. The assertion follows from Theorem 3.7 and the inequality
Corollary 3.9. Let G be a graph with ind-match(G) = min-match(G). Then for every integer s ≥ 1, we have
Proof. We know from [6, Theorem 4.5] and Corollary 3.8 that for every integer s ≥ 1,
The assertion now follows from the hypothesis.
We recall that a characterization of graphs which satisfy the equality ind-match(G) = min-match(G) was obtained in [12, Theorem 2.3].
A lower bound
In this section, we determine a lower bound for the regularity of powers of edge ideals. It was shown in [21, Theorem 3.6 ] that for every graph G, we have
Based on this inequality, one may guess that for every graph G and every integer s ≥ 1, we have 2s
But, as we mentioned in the introduction, this inequality is not true in general. However, we have the following result.
Theorem 4.1. For every graph G and for every integer s ≥ 1, we have
If moreover, ind-match {K 2 ,C 5 } (G) is an odd integer, then
Proof. The inequality 2s + ind-match(G) − 1 ≤ reg(I(G) s ) is known by [6, Theorem 4.5]. Thus, we only need to prove that
For s = 1, the inequality ( * ) follows from [21, Corollary 3.9] . Hence, suppose that s ≥ 2. Assume that ind-match {K 2 ,C 5 } (G) = t and let H be an induced {K 2 , C 5 }-subgraph of G with match(H) = t. By [6, Corollary 4.3] , it is enough to prove that As G k is a 5-cycle, we know that reg(I(G k )) = 3. On the other hand, it follows from the induction hypothesis that
Therefore,
For the last part of theorem, again notice that the case s = 1 follows from [21, Corollary 3.9] . For s ≥ 2, we use the similar argument (and the same notations) as above. As t is an odd integer, it follows that m = 0 and hence, I(H ) = 0. On the other hand, ind-match {K 2 ,C 5 } (H ) = t − 2 is an odd integer. Therefore, the induction hypothesis implies that
Again, [20, Theorem 1.1] implies that 
As a consequence of Theorem 4.1, we are able to estimate the regularity of powers of edge ideals of Cohen-Macaulay graphs with girth at least five. 
Proof. We known from [21, Theorem 4.3] 
An Example
In this section, we investigate the following question asked by Jayanthan, Narayanan and Selvaraja. Recently, Jayanthan and Selvaraja [15] gave a positive answer to this question by constructing a family of disconnected graphs for which the above inequalities hold. In this section, we show the answer of Question 5.1 is again positive, if we restrict ourselves to the category of connected graphs. In other words, we present infinitely many connected graphs which satisfy the strict inequalities of Question 5.1, for every s ≥ 1.
For every integer n ≥ 1, let H n be the graph with vertex set
The graph H 3 is shown in Figure 1 . Assume that W (H n ) is the graph obtained from H n by attaching a whisker to every vertex of H n . As H n has no triangle, we conclude that among any three vertices of H n , at least two of them are independent. This means that among any three whiskers of W (H n ), at least two of them form a gap. Hence, any co-chordal subgraph of W (H n ) contains at most two whiskers. This implies that
We know from [22] that W (H n ) is a Cohen-Macaulay graph. By [21, Theorem 4.3] and [7, Theorem 13] , ( ‡) ind-match {K 2 ,C 5 } (W (H n )) = reg(S/I(W (H n ))) = ind-match(W (H n )).
Since the independence number of a 5-cycle is two, it follows that the independence number of H n is at most 2n and hence, ind-match(W (H n )) ≤ 2n. Assume that x is an arbitrary vertex of H n and suppose that G n is the graph obtained from H and W (H n ) by identifying the vertices u and x, i.e., G n is the graph with vertex set
(where z is a new vertex) and its edge set is defined as E(G n ) = E(H \ u) ∪ E(W (H n ) \ x) ∪ {zy | y ∈ N H (u) ∪ N W (Hn) (x)}.
As W (H n ) is an induced subgraph of G n , we conclude that cochord(G n ) ≥ cochord(W (H n )) ≥ 5n 2 .
On the other hand, it is clear that ind-match(G n ) ≤ ind-match(W (H n )) + ind-match(H) = ind-match(W (H n )) + 4.
To compute ind-match {K 2 ,C 5 } (G n ), let L be an induced {K 2 , C 5 }-subgraph of W (H n ). Then the union of L and the three 5-cycles of H forms an induced {K 2 , C 5 }-subgraph of G n . Thus, ind-match {K 2 ,C 5 } (W (H n )) + 6 ≤ ind-match {K 2 ,C 5 } (G n )
≤ ind-match {K 2 ,C 5 } (W (H n )) + ind-match {K 2 ,C 5 } (H) = ind-match {K 2 ,C 5 } (W (H n )) + 6, where the second inequality is trivial. Therefore, ind-match {K 2 ,C 5 } (G n ) = ind-match {K 2 ,C 5 } (W (H n )) + 6 = ind-match(W (H n )) + 6 ≤ 2n + 6, where the second equality follows from the equalities ‡. Setting P (G n ) = V (W (H n ) \ x) ∪ {z, v, w} and C(G n ) = V (H) \ {u, v, w}, we see that the graph G n belongs to the class PC and hence, by [13, Theorem 2.4] , it is a Cohen-Macaulay graph. Thus, for any n ≥ 13 and evey s ≥ 1, we have 2s + ind-match(G n ) − 1 ≤ 2s + ind-match(W (H n )) + 4 − 1 = 2s + ind-match {K 2 ,C 5 } (W (H n )) + 3 < 2s + ind-match {K 2 ,C 5 } (W (H n )) + 4 = 2s + ind-match {K 2 ,C 5 } (G n ) − 2 ≤ reg(I(G n ) s ) ≤ 2s + ind-match {K 2 ,C 5 } (G n ) − 1 ≤ 2s + 2n + 6 − 1 < 2s + 5n 2 − 1 ≤ 2s + cochord(G n ) − 1, where the third and the fourth inequalities follow from Corollary 4.3 and the sixth inequality follows from the fact that n ≥ 13. Therefore, we proved the following result.
Proposition 5.2. Using the notations as above, for every integer s ≥ 1 and every integer n ≥ 13, we have 2s + ind-match(G n ) − 1 < reg(I(G n ) s ) < 2s + cochord(G n ) − 1.
